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KÒ � � n o Ê 8 Ô l Ê o©

©ê

µ�<

�!(5 ©) ^ ε− δ �óy²: lim
x→0+

√
x sin 1

x
= 0.

y² é?¿ ε > 0, � δ = ε2, K� x ∈ (0, δ) �, k∣∣∣∣√x sin 1

x
− 0

∣∣∣∣ 6 √δ = ε.

�, �â4��½Â lim
x→0+

√
x sin 1

x
= 0.

�!(24 ©) ¦e¡�4�µ

1. lim
n→∞

n(1 + n)n + e2n

nn+1
= e; 2. lim

n→∞
(n!)

1
n2 = 1;

3. lim
x→1

x2 + 3x− 4

x2 + 2x− 3
=

5

4
; 4. lim

x→0

cosx− 1 + 1
2
x2

x3 sinx
=

1

24
.
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n!(12 ©) � f(x) =

 ex−1
x
, x 6= 0

1, x = 0.
¦ f ′(x).

) � x 6= 0 �,

f ′(x) =
xex − (ex − 1)

x2
=

(x− 1)ex + 1

x2
. (6 ©)

lim
x→0

f(x)− f(0)
x

= lim
x→0

ex−1
x
− 1

x
= lim

x→0

ex − 1− x
x2

= lim
x→0

x2

2
+ o(x2)

x2
=

1

2
.

�, f ′(0) = 1
2
. ..........(12 ©)

o!(12 ©) � y(x) = x2e−x, f(x) = xy(n+1)(x) + (n+ x− 2)y(n)(x) + ny(n−1)(x).

(1) ¦ y(n)(x); (2) ¦y f(x) = 0.

)

y(n)(x) =
n∑
k=0

(
k

n

)
(x2)(k)(e−x)(n−k)

= (−1)nx2e−x + (−1)n−12nxe−x + (−1)n−2n(n− 1)e−x

= (−1)ne−x
(
x2 − 2nx+ n(n− 1)

)
. (.........8 ©)

Ïd

f(x) = xy(n+1)(x) + (n+ x− 2)y(n)(x) + ny(n−1)(x)

= x
(
(−1)n+1e−x

(
x2 − 2(n+ 1)x+ n(n+ 1)

) )
+ (n+ x− 2)

(
(−1)ne−x

(
x2 − 2nx+ n(n− 1)

) )
+ n
(
(−1)n−1e−x

(
x2 − 2(n− 1)x+ (n− 2)(n− 1)

) )
= 0. (.........12 ©)
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Ê!(12 ©) ¦¼ê f(x) =

(
x− 5

2

)
x

2
3 3 (−∞,+∞) þ�4��Ú4��.

) � x 6= 0 �, k

f ′(x) =
5

3
x−

1
3 (x− 1).

dd f(x) 3 (−∞, 0) üN4O,3 (0, 1) üN4~, 3 (1,+∞) þüN4O. �,

f(0) = 0 ´ f(x) �4��; f(1) = −3
2
´ f(x) �4��.

5: ¦�7: x = 1 � 4 ©.

�Ñ f(0) = 0 ´ f(x) �4��� 4 ©.

�Ñ f(1) = −3
2
´ f(x) �4��� 4 ©.

8!(10 ©) �¼ê y = y(x) ´d�§ y = 1 + xey (½�Û¼ê. ¦T¼ê�þ

: (0, 1) ?����§.

) TÛ¼êÒ´¼ê f(x) = e−x(x − 1) ��¼ê. w, f(x) ��, �

f ′(1) = −e−1 < 0. �, y(x) 3 f(1) = 0 NC��, � y′(0) = −e. u´, 3: (0, 1) ?,

¼ê y(x) ����§�

y = −ex+ 1.
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Ô! (10 ©) �¼ê f(x) ½Â3 [a, b] � f(x) ∈ [a, b], q [a, b] ¥?¿ØÓ� x, y ÷

v |f(x)− f(y)| < |x− y|. - x1 ∈ [a, b], ¿8B½Â xn+1 =
1
2

(
xn + f(xn)

)
. ¦y:

(1) {xn} ´üNê�; (2) {xn} Âñu [a, b] ¥�: c, � f(c) = c; (3) ÷v

f(x) = x � x ´���.

y² (1) d^� |f(x)− f(y)| < |x− y| ��

xn+1 − xn =
1

2

(
xn − xn−1 + f(xn)− f(xn−1)

)
� xn − xn−1 ÓÒ, Ï� x2 − x1 ÓÒ. �, {xn} ´üNê�. ............ (4 ©)

(2) Ï� xn ∈ [a, b] � {xn} üN, ¤± {xn} Âñ. � lim
n→∞

xn = c. K c ∈ [a, b].

d

|f(x)− f(y)| < |x− y|

�� f(x) 3 [a, b] þëY.

3

xn+1 =
1

2

(
xn + f(xn)

)
- n→∞, � c = 1

2
(c+ f(c)). =, f(c) = c. ............ (7 ©)

(3) e,k c1 ∈ [a, b], c1 6= c ¦� f(c1) = c1. K

|c− c1| = |f(c)− f(c1)| < |c− c1|.

ùØ�U. �, ÷v f(x) = x � x ´���. ............ (10 ©)
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l!(8 ©) �¼ê f(x) 3 [0,+∞) þ�3���ê, f(0) = 0, f ′(0) > 0,

f ′′(x) 6 α < 0, Ù¥ α ´~ê. y²:

(1) �3 x0 > 0 ¦� f ′(x0) = 0; (2) �§ f(x) = 0 3 (0,+∞) Sk��¢�.

y² (1) éu x ∈ (0,+∞) �â Taylor úª, �3 θ ∈ (0, 1) ¦�

f(x) = f(0) + f ′(0)x+
f ′′(θx)

2
x2.

u´d^���

f(x) 6 f ′(0)x+
α

2
x2.

du α < 0, � x > −2f ′(0)
α
�, f(x) < 0. q f ′(0) > 0. d�ê�½Â���3 δ > 0

¦� f(x) > f(0) = 0, x ∈ (0, δ). �â0�½n���3 a > 0 ¦� f(a) = 0. 2d

Rolle ½n���3 x0 ∈ (0, a) ¦� f ′(x0) = 0. ..............(4©)

(2) e f(x) = 0 (0,+∞) SkØÓ�¢� x1, x2, Ø�� 0 < x1 < x2. d Rolle ½

n, �3 b1 ∈ (0, x1) Ú b2 ∈ (x1, x2) ¦�

f ′(b1) = f ′(b2) = 0.

2�â Rolle ½n, �3 c ∈ (b1, b2) ¦� f ′′(c) = 0. ù�^� f ′′(x) 6 α < 0 (x > 0)

gñ! �, f(x) = 0 3 (0,+∞) Sk���¢�. ..............(8©)
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Ê!(7 ©) �¼ê f(x) 3 (−∞,+∞) þk?¿��ê, �é?¿¢ê x 9 n =

0, 1, 2 · · · ÷v |f (n)(x)| 6 n!|x|. ¦y: f(x) = 0.

y² d |f (n)(x)| 6 n!|x| ��é?¿g,ê n k f (n)(0) = 0. éu x ∈ (−1, 1)
�â Taylor Ðm�3 θ ∈ (0, 1) ¦�

f(x) = f(0) + f ′(0)x+ · · ·+ f (n−1)(0)

(n− 1)!
xn−1 +

f (n)(θx)

n!
xn =

f (n)(θx)

n!
xn. (1 ©)

Ïd

|f(x)| 6 |θx| · |x|n 6 |x|n+1.

3dª¥- n→∞ � f(x) = 0 (x ∈ (−1, 1)). dëY5��

f(x) = 0, x ∈ [−1, 1]. (4 ©)

b� f(x) = 0, x ∈ [−k, k]. - g(x) = f(x+ k), h(x) = f(x− k). K g(x) Ú h(x) 3 0

:�?¿��ê� 0. �â Taylor Ðm�3 θ1, θ2 ∈ (0, 1) ¦�

g(x) =
g(n)(θ1x)

n!
xn =

f (n)(θ1x+ k)

n!
xn.

h(x) =
h(n)(θ2x)

n!
xn =

f (n)(θ2x− k)
n!

xn.

Ïd

|g(x)| 6 |θ1x+ k| · |x|n,

|h(x)| 6 |θ2x+ k| · |x|n.

- n→∞ � g(x) = 0, h(x) = 0, x ∈ (−1, 1). u´ f(x) = 0, x ∈ [−k − 1, k + 1]. �

â8B�n�� f(x) = 0, x ∈ R. (7 ©)
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